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Abstract 

Let p be a prime. Let F p S p be the group algebra of the symmetric group over 
the finite field F p with |F p | = p. Let F p be the trivial F p S p -module. We present 
a projective resolution PResFp of the module ¥ p and equip the Yoneda algebra 
ExtJ pSp (Fp, F p ) with an Aoo-structure such that Extp pSp (F p , F p ) becomes a minimal 
model of the dg-algebra HomJ. s (PResF p , PResF p ). 
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0.1 Introduction 

Aoo-algebras Let R be a commutative ring. Let A be a Z-graded i?-module. Let 
m! : A -> A be a graded map of degree 1 with m 2 = 0, i.e. a differential on A. Let 
m 2 : A ® A -)■ A be a graded map of degree satisfying the Leibniz rule, i.e. 



The map m 2 is in general not required to be associative. Instead, we require that for a 
morphism m 3 : A® 3 — > A, the following identity holds. 

m 2 o (m 2 <8> 1 — 1 <S> m 2 ) — mi o m 3 + m 3 o (mi <8> I® 2 + 1 (g) mi ® 1 + l® 2 (g) mi) 

Following Stasheff, cf. [20], this can be continued in a certain way with higher multi- 
plication maps to obtain a tuple of graded maps (m n : A® n — >■ A) n >i of certain degrees 
satisfying the Stasheff identities, cf. e.g. (5). The tuple (A, (m n ) n >i) is then called an 
Aoo-algebra. 

A morphism of Aoo-algebras from (A', {m' n ) n >x) to (A, (m n ) n >i) is a tuple of graded maps 
(f n : A'® n — > A) n >! of certain degrees satisfying the identities (6). The first two of these 
are 



So a morphism / = (f n ) n >i of Aoo-algebras from (A', (m^) n >i) to (A, (m n ) n >i) contains 
a morphism of complexes fi : (A', m[) — >■ (A, mi). We say that / is a quasi-isomorphism 
of Aoo-algebras if /i is a quasi-isomorphism. Furthermore, there is a concept of homotopy 
for Aoo-morphisms, cf. e.g. [10, 3.7] and [14, Definition 1.2.1.7]. 

History The history of A^-algebras is outlined in [10] and [11]. 

As already mentioned, Stasheff introduced A^-algebras in 1963. 

If R is a field, F := R, we have the following basic results on Aoo-algebras, which are 
known since the early 1980s. 

• Each quasi-isomorphism of Aoo-algebras is a homotopy equivalence, cf. [18], [9], ... 

• The minimality theorem: Each Aoo-algebra (A, (m„) n >i) is quasi-isomorphic to an 



Aoo-algebra (A', {m' n } n >i) with m[ = 0, cf. [8], [7], [18], [4], [6], [16], ... .The 



Aoo-algebra A' is then called a minimal model of A. 

Suppose given an F-algebra B and suppose given an 5-module M together with a projec- 
tive resolution PRes M of M. The homology of the dg-algebra Hom^(PRes M, PRes M) 
is the Yoneda algebra Ext* B (M,M). By the minimality theorem, it is possible to con- 
struct an Aoo-structure on Ext^(M, M) such that Ext^(M, M) becomes a minimal model 
of the dg-algebra Hom^(PRes M, PRes M). For the purpose of this introduction, we will 



m x o m 2 = m 2 o (mi (g) 1 + 1 <g) mi). 



(6)[1] : 
(6) [2] : 



fi ° m[ = mi o /i 
fx o m' 2 - f 2 o (m[ ® 1 + 1 <g) m'J = m x o f 2 + m 2 o (/ x ® /i). 



2 



0.1 Introduction 



call such an Aoo-structure on Ext# (M,M) the canonical Aoo-structure on Ext* B (M, M), 
which is unique up to isomorphisms of A^-algebras, cf. [10, 3.3]. 

This structure has been calculated or partially calculated in several cases. 

Let p be a prime. 

For an arbitrary field F, Madsen computed the canonical Aoo-structure on Ext^i /( Q n)(F, F), 
where F is the trivial F[a]/(o; n )-module, cf. [15, Appendix B.2]. This can be used to 
compute the canonical Aoo-structure on the group cohomology Extj^ Cm (F p , F p ), where 
m G Z>i and C m is the cyclic group of order to, cf. [21, Theorem 4.3.8]. 

VEJDEMO-JOHANSSON developed algorithms for the computation of minimal mod- 
els [21]. He applied these algorithms to compute large enough parts of the canonical 
Aoo-structures of the group cohomologies Ext£ 2D (F 2 , F 2 ) and ExtF 2Dlg (F 2 , F 2 ) to distin- 
guish them, where D 8 and Di 6 denote dihedral groups. He stated a conjecture on 
the complete Aoo-structure on ExtJj 2Dg (F 2 , F 2 ). Furthermore, he computed parts of the 
canonical Aoo-structure on ExtJj 2 Q g (F 2 , F 2 ) for the quaternion group Qg. He conjecturally 
stated the minimal complexity of such a structure. Based on this work, there are now 
built-in algorithms for the Magma computer algebra system. These are capable of 
computing partial Aoo-structures on the group cohomology of p-groups. 

In [22], Vejdemo- Johansson examined the canonical Aoo-structure (m n ) n >i on the 
group cohomology Ext£ ( CfcXCi )(F p , F p ) of the abelian group C k x Q for k, I > 4 such that 
k, I are multiples of p. He showed that for infinitely many n G Z> 1? the operation m n is 
non-zero. 

In [12], Klamt investigated canonical Aoo-structures in the context of the representa- 
tion theory of Lie-algebras. In particular, given certain direct sums M of parabolic 
Verma modules, she examined the canonical Aoo-structure {m' k )k>i on Ext^M, M). 
She proved upper bounds for the maximal k G Z>i such that m' k is non-vanishing and 
computed the complete Aoo-structure in certain cases. 



The result For n G Z>i, we denote by S n the symmetric group on n elements. 

The group cohomology Ext£ s (F p , F p ) is well-known. For example, in [1, p. 74], it is 
calculated using group cohomological methods. 

Here, we will construct the canonical Aoo-structure on Ext£ s (F p , F p ). 

We obtain homogeneous elements t,x G HomJ s (PResF p , PResF p ) =: A of degree |i| = 
2{p — 1) =: / and \x\ — I — 1 such that i\x° ^ =: X 1 ^ are cycles for all j G Z>o and 
such that their set of homology classes {V | j G Z> } U {x^ \ j G Z> } is an F p -basis of 
Ext; pSp (F p , F p ) = U*A, cf. Proposition 20. 

For all primes p, the canonical Aoo-structure (m' n : (H*A)® n — > H*A) n >i on H*A is given 
as follows. 

On the elements x" 1 ^ 1 ® • • -®x an ^ n i n e Z>i, Oj G {0, 1} and j { G Z> for i G { 1 , . . . , n}, 
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the maps m' n are given as follows, cf. Definition 23 and Remark 37. 
If there is an i G {1, . . . , n} such that a$ = 0, then 

m' n (x ai t-i 1 <&•••(& x an ^ n ) =0 for n ^ 2 and 

"4 (x 01 ^ 1 ® ) = x ai+ai t ji+h - 

If all Oj equal 1, then 

m'^x^ 1 <S> • • • <S> X^ n ) =0 f° r n V an d 

m' p (xt> ® • • • <8> X^>) = (-l) p iP- 1 +J'i+-+ip. 
In particular, we have m' n = for all n G Z>i \ {2,p}. 

0.2 Outline 

Section 1 The goal of section 1 is to obtain a projective resolution of the trivial F P S P - 
Specht module F p . A well-known method for that is "Walking around the Brauer tree", 
cf. [3]. Instead, we use locally integral methods to obtain a projective resolution in an 
explicit and straightforward manner. 

Over Q, the Specht modules are absolutely simple. Therefore we have a morphism 
of Z( p )-algebras r : Z( P )S P — > n AHp Endz (p) =: T induced by the operation of the 

elements of Z( P )S P on the Specht modules S x for partitions A of p, which becomes an 
Wedderburn isomorphism when tensoring with Q. So T is a product of matrix rings 
over Z(p). There is a well-known description of imr =: A, which we use for p > 3 to 
obtain projective A-modules Pk C A, k & [l,p — 1], and to construct the indecomposible 
projective resolution PResZ( p ) of the trivial Z( p )S p -Specht module Z( p ). The non-zero 
parts of PResZ( p ) are periodic with period length I = 2(p— 1). In section 1.3, we reduce 
PResZ( p ) modulo p to obtain a projective resolution PResF p of the trivial F p S p -Specht 
module F p . 

Section 2 The goal of section 2 is to compute a minimal model of the dg-algebra 
Homp pSp (PResF p , PResF p ) =: A by equipping its homology Extp pSp (Fp, F p ) = H*A with 
a suitable Aoo-structure and finding a quasi-isomorphism of Aoo-algebras from H*A to 
A. 

Towards that end, we recall the basic definitions concerning Aoo-algebras and some 
general results in section 2.1. 

While there does not seem to be a substantial difference between the cases p = 2 and 
p > 3, we separate them to simplify notation and argumentation. Consider the case 
p > 3. In section 2.2, we obtain a set of cycles {V | j G Z> } U {x^ \ j G Z> } in A 
such that their homology classes are a graded basis of H*A In section 2.3, we obtain a 
suitable Aoo-structure on H*A and a quasi-isomorphism of Aoo-algebras from H*A to A. 
For the prime 2, both steps are combined in the short section 2.4. 
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0.3 Notations and conventions 
Stipulations 

• For the remainder of this document, p will be a prime with p > 3. 

• Write / := 2(p— 1). This will give the period length of the constructed projective 
resolution of ¥ p over ¥ p S p , cf. e.g. (1), Lemma 6. 

Miscellaneous 

• Concerning "oo", we assume the set Z U {oo} to be ordered in such a way that 
oo is greater than any integer, i.e. oo > z for all zeZ, and that the integers are 
ordered as usual. 

• For o 6 Z, i 6 Z U {°°}) we denote by [a, b] := {z G Z | a < z < b} C Z the 
integral interval. In particular, we have [a, oo] = {z G Z | z > a} C Z for a G Z. 

• For n G Z> , k G Z, let the binomial coefficient be defined by the number of 
subsets of the set {l,...,n} that have cardinality k. In particular, if k < or 
k > n, we have Q = 0. Then the formula (^J + © = holds for all fc G Z. 

• For a commutative ring R, an i?-module M and a, 6 G M, c G -R, we write 

b = c a :<^=^> a — 6 G cM. 

Often we have M = i? as module over itself. 

• Modules are right-modules unless otherwise specified. 

• For sets, we denote by U the disjoint union of sets. 

• | • | : For a homogeneous element x of a graded module or a graded map g between 
graded modules, we denote by \x\ resp. \g\ their degrees (This is not unique for 
x = resp. g = 0). For y a real number, \y\ denotes its absolute value. 

Symmetric Groups Let n G Z>i. We denote the symmetric group von n elements by 
S n . For a partition A H n, we denote the corresponding Specht module by S x . 

Complexes Let R be a commutative ring and B an i?-algebra. 

• For a complex of 5-modules 

•••—>■ L-k+i > L-k — > L-t-i —)■•••, 

its k-th boundaries, cycles and homology groups are defined by B fe := im4+i, 
Z fc := kerd fc and H fc := Z k /B k . 

For a cycle x G Z fc , we denote by x := x+B k G H fc its equivalence class in homology. 
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• Let 

C — (• • • — >■ Ck+\ — Ck — ^ Cfc_i —>■•••) 

be two complexes of -B-modules. 
Given z£Z, let 

Hom^CC") := J]Hom B (C i+z ,Cj). 

For an additional complex C" — (• • • — >■ C^' +1 )> C^' C^'_ 1 —>■•••) and maps 

/i = (^) i6Z e Hom£(C,C"), /i' = (/i-) ie z G Hom^(C", C"), m,n G Z, we define the 
composition by component-wise composition as 

h'oh:= (K o ^ +n ) iez e Rom™ +n (C, C"). 



We will assemble elements of Hom^(C, C) as sums of their non-zero components, 
which motivates the following notations regarding "extensions by zero" and sums. 

For a map g : C x ->■ C£ , we define L&|£ G Hom^" w (C, C) by 

(ui)..J« for? = ?/ 

[l9ix)l - 10 forieZ\{y}- 



Let fc 6 Z. Let 7 be a (possibly infinite) set. Let <?j = (gij)j G Hom^(C, C") for 
j £ I such that {i G J | <?ij 7^ 0} is finite for all j G Z. 
We define the sum J2iei 9* e Hom^ (C,C) by 



The graded i?- module Hom^(C, C") := © feeZ Hom^(C, C") becomes a complex via 
the differential dn om * (cc)> which is defined on elements g G Hom^(C, C"), fc G Z 
by 

tfeomMCCote) := d' ° 5 - (-1)^ ° d G Hom* +1 (C, C"), 

where d := (d i+1 ) ieIl = ^2 ieZ [d i+ i\l +1 G Hom^(C, C) and analogously d' := 
(di+Oiez = EigzW+iJS+i G Hom^(C7',C7'). 

An element /i G Hom^ (C,C) is called a complex morphism if it satisfies 
^Hom^CC")^) = 0, i- e - d' og = god. 
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1 The projective resolution of ¥ p over ¥ P S P 
1.1 A description of Z( p )S p 

Recall that p > 3 is a prime. 

For R a ring and AHpa partition of p, the i?S p -Specht module S x is finitely generatey 
free over R with dimension independent of R, cf. [5, 8.1, proof of 8.4]. We denote this 
dimension by ri\. 

A partition of the form A fe := (p — k + 1, l fc_1 ), k G [l,p] is called a /iooA; partition of p. 

Over the valuation ring Z( p ), there is a well-known description of the group algebra 
Z(p)S p , cf. e.g. [13, Corollary 4.2.8] (using [17]), cf. also [19, Chapter 7]: 

Proposition 1. Se£ n*; = nj = g"*). T/ien n£ + nj = g"}) = n A *. Set 

T := I^Iahp r %\p) Ux ■ F° r P ^ T 7 and A Hp, we denote by p x the X-th component of p. For 
X = X k , k G [l,p], a /ioofc partition, we name certain subblocks of p xk as follows. 



( 

P = 



V 



n k c , 


n\ 


Pec 


\ k 

Pbc 


\k 
Pcb 


\ k 
Pbb 



/ 



rows 



n£ rows 



VFe /iai>e the following Z^-subalgebra A ofT. 

A := {p G T | p x t = p pf c +1 for ke[l,p-l] and p^ = p for k G [l,p]} 
Aow there is an isomorphism of 7L(, p y algebras 

r : Z (p) S p — ^ A. 

such that p G A acfe on £/ie trivial Z^S p -module Z( p ) fry multiplication with its (1x1/ 
scalar-) component p A \ ie. for x G Z( p )S p and for y G Z( p ) ; we have yx = y ■ r(x) xl . 

Example 2. For p — 5, the Z( p )-algebra Z( 5 ) S 5 is isomorphic to the subalgebra A of 

r = Zf* 1 x Z 4 * 4 x Zg 6 x Z 4 * 4 x Zj* 1 x Z^ 5 x Zg 5 described as 



7 



1 The projective resolution of¥ p over ¥ P S P 



Z 



(5)' 



Pi 

jZ( 5 ) 5Z( 5 ) 5Z( 5 ) 5Z( 5) 



Z( 5 ) 


Z(5) 


Z (5) 


Z(5) 


Z(5) 


Z( 5 ) 


Z( 5 ) 


Z( 5 ) 


Z( 5 ) 


Z( 5 ) 


Z(5) 


Z( 5 ) 



xxxx 

X 



Z(5) Z( 5 ) Z( 5 ) 


5Z( 5 ) 5Z (5 ) 5Z( 5 ) 


Z(5) Z( 5 ) Z( 5 ) 
Z(5) Z( 5 ) Z( 5 ) 


5Z (5) 5Z (5) 5Z (5) 
5Z (5) 5Z (5) 5Z( 5) 


Z( 5 ) Z( 5 ) Z( 5 ) 


Z(5) Z( 5 ) Z( 5 ) / 


Z(5) Z( 5 ) Z( 5) 
Z(5) Z( 5 ) Z( 5 ) 


Z( 5 ) Z( 5 ) Z( 5 ) 
Z(5) Z( 5 ) Z( 5 ) 


" v ' 



Z(5) Z( 5 ) Z( 5 ) 


5Z (5 ) 


Z(5) Z( 5 ) Z( 5 ) 
Z(5) Z( 5 ) Z( 5 ) 


5Z( 5) 
5Z (5) ^ 



Z(5) Z( 5 ) Z( 5 ) 



z 



(5) 



XXX 

X 

X 



Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 



Z(5) Z( 5 ) Z( 5 ) Z (5 ) Z( 5) 

Z(5) Z( 5 ) Z( 5 ) Z (5 ) Z( 5) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 

Z(5) Z( 5 ) Z( 5 ) Z( 5 ) Z( 5 ) 



XX 
XX 
X 



XXX 
XX 



XX 
X 
X 
X 



Pa 



z 



(5) 



An entry in this tuple of matrices indicates that an element of A must have its cor- 
responding entry in the indicated set. A relation " " between (equal sized) 

subblocks indicates that these subblocks are equivalent modulo 5, i.e. the difference of 
corresponding entries is an element of 5Z( 5 ) . The blocks are labeled with the diagrams 
of the corresponding partitions. The right ideals Pi = e^A, i G [1,4] = [l,p — 1] (cf. the 
definitions below) are framed with red lines. 



1.2 A projective resolution of over Z^S P 

Recall that p > 3 is a prime. 

Recall from Proposition 1 that A is a subring of T = Yl\-\ p Z/p\ X7lA - 

For A Hp and i,j G [1, n\], we set r]x,i,j to be the element of T such that {rj\i j) x = for 
A 7^ A and (r]\.i.j) x G Z nAXriA has entry 1 at position and zeros elsewhere. 

Let k G [l,p — 1]. We obtain the idempotent 

We define corresponding projective right A-modules 

P k :=e k K for k G [1,^ — 1]. 



S 



1.2 A projective resolution of Z( p ) over Z^S P 



Remark 3. Let A be an P-algebra and let e, e' G A be two idempotents. For the right 
modules eA, e'A, we have the isomorphism of P-Modules 

Rom A (eA, e'A) ^4 e'Ae 

f A T e , e (f) := /(e) 
T e'!e( e 'be) '■= (ea^ e'&ea) < — i e'be 

Thus given m G e'Ae, the morphism T e 7g(m) acts on elements x G by the multiplica- 
tion of m on the left: (T^],(m))(x) = m ■ x. 

Given idempotents e, e', e" G A, and elements / G Houu(eA, e'A), g G A(e'A,e"A), we 
have P e », e (# o /) = a(/(e)) = g{e'f{e)) = g(e') ■ /(e) = T e » • P e ',e(/)- 

Definition 4. We define via Remark 3 



efc 

Cp— l,p— 1 



= GHom A (A,? fc ) for ke [l,p-l] 



^k(»,u) GHom A (P 1 ,P 1 ) 

^Lgp-^AP,!,!) e Hom A (P p _ 1 ,P p _ 1 ) 

^i-e^+V^+i.i) e Hom A (P fe , P fctl ) for k G [l,p - 2] 

T ^k +1 (^+M,"c fe+1 +i) G Hom A (Pfc+i, P fc ) for fc G [l,p - 2]. 



Note that ik is the identity map on P& for k G [l,p — 1]. 

Moreover, we define the Z( p )S p -linear map e : Pi — > Z( p ), e(p) := p A \ 

It is straightforward to show the following lemma. 

Lemma 5. We have 

ei,i + ei j2 o e 2 ,i = pei 

efc,fc-i ° + e fe ,fc+i o e fe +i,fe = p4 /or A; G [2,p - 2] 

e p-i,p-2 ° e p -2, P -i + e P -i, P -i = pe p _i 

eoei,i = pe. 

Furthermore, it is straightforward to check that we obtain a projective resolution of Z( p ) 
as follows. We set 



Pr, ; := 



i < ' 



where the integer o;(i) is given by the following construction: Recall the stipulation 
/ := 2(p — 1). We have i = jl + r for some j G Z and < r < I — 1. Then 

'r + 1 forO<r <p-2 

" ' ' '~ W - r = 2(p - 1) - r for p - 1 < r < 2(p - 1) - 1 = I - 1 ' 
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1 The projective resolution of¥ p over ¥ P S P 



So u(i) increases by steps of one from 1 to p — 1 as % runs from jl to jl + (p — 2) and 
ui{i) decreases from p — 1 to 1 as i runs from jl + (p — 1) to jl + (/ — !). Finally we set 



di :-- 







i < 



Now we have the projective resolution of Z 



(p) 



*V p r2 ^ p ri p ro ±^2> o ->■ 



written more explicitly as 



(2) 



with augmentation £ : Pi — >■ Z( p ). 



1.3 A projective resolution of ¥ p over F P S P 



The isomorphism r : Z( p )S p — >■ A from Proposition 1 induces an isomorphism of ¥ p - 
algebras ¥ P S P = Z( P )S P /(pZ( p )S p ) A A/(pA) =: A. 

For the sake of simplicity in the next step, we identify A and ¥ P S P along f. 
Lemma 6. Recall that p > 3 is a prime. Applying the functor — ® aAa ? we obtain 

A 

• £/ie projective modules P k := P k (g) aA-a /or fc G [1,2? — 1], 



F p := Z(p) ® aAa ^vial ¥ p S p -module) , 

A 



ei,i 

Cp— 1 

£ 



G Hom FpSp (P fc ,Pfe) 
G Hom FpSp (Pi,Pi), 



e k ® a Aa 
a 

ei,i <8> aAa 

A 

e p -i, p -i ® aA a G Hom FpSp (Pp-i, P P -i), 



/or fc G [l,p-l] ; 



efc+i,fc <8> aAa 

A 

efc,fe+i <8> aAa 

A 

£® aA a 

A 



G Hom FpSp (Pfc,Pfe+i) for k G [l,p - 2], 
G Hom FpSp (Pfe+i,P fc ) /or fc G [l,p - 2], 
GHom FpSp (Pi,F p ). 



The complex 



PResFp := (PResZ (p) ) <g> A A A 

A 



*V Pr2 % Pri Pro ±^2> o • • • ), (3) 



Pr, ; := 



P,« *>0 



i < 



e w (i-l),w(i) : Pj(i) -> Pw(i-l) « > 1 

i < 0, 



10 



is a projective resolution of¥ p with augmentation e : Pi — > ¥ p . More explicitly, PResF p 
is 

l+l l=2(p-l) (p-2)+p-l (p-2)+p-2 p=(p-2)+2 (p-2)+l 

> P v - X > P p -2 ->...->■ > ^P^ -> 0. 

p-2 p-3 1 

Lemma 7. Recall that p > 3 is a prime. 

(a) VFe /jai>e £/ie relations 

ei,i + ei >2 o e 2 ,i = 

efe,fc-i o e fe _i )fc + e fe;fe+ i o e fc+ i ife = /or fc G [2,p - 2] 

e p -l,p-2 ° 6p-2,p-l + 6p-l,p-l = 

eoei,i = 

and ek is the identity on Pk for k G [l,p — 1]. 

(b) Gwen fc G [2,p - 1], we have Rom FpSp (P k , F p ) = {0}. 

(c) Given k,k' G [l,p — 1] snc/i £/ia£ |/c — k'\ > I, we have B.om.f p s p (Pk, Pk') = {0}. 

(d) The set {e} is an ¥ p -basis of B.omf p s p (Pi, ¥ p ) . 

Assertion (a) results from Lemma 5. 

Assertions (b), (c) and (d) are derived from corresponding assertions over Z( p )S p us- 
ing Rom ¥pSp (P/pP,M/pM) ~ Hom Z(p)Sp (P,M)/pHom Z(p)Sp (P,M) for Z (p) S p -modules 
P and M, where P is projective. 



2 Aoo-algebras 

2.1 Definitions, General theory 

In this subsection, we review results presented in [10] and we fix notation. 

Let R be a commutative ring. We understand linear maps between i?-modules to be R- 
linear. Tensor products are tensor products over R. By graded i?-modules we understand 
Z-graded i?-modules. 

Definition 8. In the definition of the tensor product of graded maps, we implement the 
Koszul sign rule: Let A 1 ,A 2 ,B 1 , B 2 be graded .R-modules and g : A\ — > B ± , h : A 2 — > B 2 
graded maps. Then we set for homogeneous elements x G Ai,y G A 2 

(g ®h)(x® y) := (-l)^g(x) ® h(y). (4) 
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2 Aoo -algebras 

Concerning the signs in the definition of A^-algebras and Aoo-morphisms, we follow the 
variant given e.g. in [14] and [7]. 

Definition 9. Let n G Z> U {oo}. 

(i) Let A be a graded i?-module. A pre- A n - structure on A is a family of graded maps 
(m k : A® k ->■ A) ke[1:Tl] with \m k \ = 2 - k for k G [l,n]. The tuple (A, (m fc ) fc6[ i )n] ) is 
called a pre-A n -algebra. 

(ii) Let A, A' be graded .R-modules. A pre-A n -morphism from A' to A is a family of 
graded maps (f k : A'® fc -> A) ke[hn] with |/ fc | = 1 - k for fc G [l,n\. 

Definition 10. Let n G Z> U {oo}. 

(i) An A n -algebra is a pre-A„-algebra (A, (m,k)ke[i,n]) such that for k G [l,n] 

(-l)-+V + i +t o(l^(8)m s (g)l *) = O. (5) [A;] 

k = i — \-s + t, 
r,t>0,s>l 

In abuse of notation, we sometimes abbreviate A = (A, (m k ) k >i) for Aoo-algebras. 

(ii) Let (A', (m' k )ke[i,n]) an d (A (wfe)fce[i,n]) be A„-algebras. An A n -morphism or mor- 
phism of A n - algebras from (A', (m' k )ke[i,n]) to (A, (rrik) ke[i,n]) is a pre-A n -morphism 
(/jfc)jfce[i,n] such that for G [l,n], we have 

£(-l)«+*/ r+1+t o (1®' ® m > s ® i®*) = £(-l)«m r o (f n (g) / i2 (g) ... <8) /J, 

fc=r+s+t l<r<fc 
r,i>0,s>l ii+...+i r =fc 

i s >l 

(6)[fc] 

where u := Ei<*< s <r( 1 ~ 

Example 11 (dg-algebras). Let (A, (mfc)fc>i) be an Aoo-algebra. If m n = for n > 3 
then A is called a differential graded algebra or dg-algebra. In this case the equations 
(5) [n] for n > 4 become trivial: We have (r + l+t) + s = n+ l =>- (r + l + t) + s>5 
=>- m r+1+t = or m s = 0. So all summands in (5)[n] are zero for n > 4. Here are the 
equations for n G {1, 2, 3}: 

(5)[1] : 0=m 1 om 1 

(5) [2] : = mi o m 2 — m 2 o (mi (8) 1 + 1 (g) mi) 

(5) [3] : 0=miom 3 + m 2 o(l®m 2 -m 2 ® 1) 

+ m 3 o (mi <g> l® 2 + 1 <8> m 2 <8> 1 + l® 2 <8> mi) 

m3 ^m 2 o (1 <g) m 2 — m 2 ® 1) 

So (5)[1] ensures that m x is a differential. Moreover, (5) [3] states that m 2 is an 
associative binary operation, since for homogeneous x,y,z G A we have = m 2 o 
(1 <8) m 2 — m 2 ® l)(x <8> y <8) z) = m 2 (a; <8> m 2 (y <8> z) — m 2 (x ® y) <S> z), where because of 
|m 2 | = there are no additional signs caused by the Koszul sign rule. Equation (5) [2] 
is the Leibniz rule. 
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2.1 Definitions, General theory 
Example 12 (A ra -morphisms induce complex morphisms). 

Let n G Z>i U {oo}. Let (A', (m' k )ke[i,n]) an d (A ( m fc)fce[i,n]) De two A n -algebras and let 
(/*)fce[i,n] : (A', (m / fc ) fe6[ i )n] ) ->■ (A, (m fc ) fc6[ i )n ]) be an A n -morphism. 

By (5)[1], (A'jTn'-j) and (A, mi) are complexes. Equation (6)[1] is 

/j omi =mi o /i. 

Thus /i : (A'jTn'i) — >• (A, mi) is a complex morphism. 
For n > 2, we have also (6) [2]: 

/i o m' 2 - / 2 o (m'i <8) 1 + 1 (g) m' x ) = m x o / 2 + m 2 o (/i ® /i) (7) 
Recall the conventions concerning Hom|(C, C). 

Lemma 13 (cf. e.g. [10, Section 3.3]). Let B be an (ordinary) R-algebra and M = 
((Mj)j 6Z , (dj)igz) a complex of B -modules, that is a sequence (Mj) ieZ of B -modules and 
B-linear maps di : Mj_i snc/i i/iai dj_i o rfj = /or all i G Z. Let 

Hon4(M,M) := J] Hom B (M 2+i , M 2 ) 

= = (&)«ez I ^ e Hom B (M 2+i , M 2 ) /or z G Z}. 

T/ien 

A = Hom^M, M) := LW B (M, M) 

is a graded R-module. We have d := (d z+1 ) zeIi = J2 ieZ L^j+iJi+i e Hom^(M, M). We 
define mi := du m*(M,M) '■ A — >■ A, £/ia£ zs /or homogeneous g E A we have 

m 1 (g) = dog-(-l)Mgod. 
We define m 2 : A® 2 — > A /or homogeneous g, h <E A to be composition, i.e. 

m 2 (o ® h) :— g oh. 

For n > 3 we set m n : A® n — >■ A, m n = 0. TTien (m n ) n >i zs an A^-algebra structure on 
A = Hom^(M*,M*). More precisely, (A, (m n )„>i) is a dg-algebra. 

Remark 14. In Hom*(PResF p , PResF p ) we have (cf. (3)) 

d = X^(iMm)Ji+i • 

i>0 
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2 Aqo -algebras 

Definition 15 (Homology of Aoo-algebras, quasi-isomorphisms, minimality, minimal 
models). As m\ = (cf. (5)[1]) and \mi \ = 1, we have the complex 

We define H k A := ker(m 1 | A fe)/im(m 1 | j4 fc-i) and H*A := ® fc6Z H fc A, which gives the 
homology of A the structure of a graded i?-module. 

A morphism of Aoo-algebras (f k ) k >i '■ ( m ' k )k>i) —> (A ( m k)k>i) is called a quasi- 
isomorphism if the morphism of complexes /i : (A', mi) — >■ (A, mi) (cf. Example 12) is 
a quasi-isomorphism. 

An Aoo-algebra is called minimal, if mi = 0. If A is an Aoo-algebra and A' is a minimal 
Aoo-algebra quasi-isomorphic to A, then A' is called a minimal model of A. 

The existence of minimal models is assured by the following theorem. 

Theorem 16. (minimality theorem, cf. [11] (history), [8], [7], [18], [4], [6], [16], ■ ■ ■ ) 
Let (A, (mjt)fe>i) be an A^-algebra such that the homology H*A is a projective R-module. 
Then there exists an A^-algebra structure (m' k ) k >i on H*A and a quasi-isomorphism of 
k^-algebras (f k )k>i '■ (H*A, (m4) fe >i) ->■ (A, (m k ) k >i), such that 

• m[ = and 

• the complex morphism f\ : (H.*A, mi) — > (A, mi) induces the identity in homology. 
I.e. each element x e H*A 7 which is a homology class of (A, mi), is mapped by fi 
to a representing cycle. 

For constructing A^-structures induced by another Aoo-algebra, we have the following 

Lemma 17 (cf. [7, Proof of Theorem 1]). Let n G Z>i U {oo}. Let (A', (m' k ) k€ [^ n ]) 
be a pre- A n - algebra. Let (A, (rrik)ke[i,n]) be an A n -algebra. Let (fk)ke[i,n] be a pre- An- 
morphism from A' to A such that (6)[k] holds for k G [l,n]. Suppose f\ to be injective. 
Then (A', (m' k ) k e[i,n]) ^ s an A n -algebra and {f k )ke[i,n\ ^ s a morphism of A n - algebras from 
(A', (m' k )ke[i,n\) to (A,(m k ) ke[hn] ). 

This results from the bar construction and a straightforward induction on n. 

Lemma 18 ([23, Theorem 5]). Let R be a commutative ring and (A, (m n ) n >i) be a dg- 
algebra (over R). Suppose given a graded R-module B and graded maps f n : B® n — > A, 
m' n : B® n — > B for n > 1. Suppose given k > 1 such that we have fi = for i > k, 
we have m\ — for i > k + 1, and (6)[n] is satisfied for n G [1, 2 k — 2]. Then (6)[n] is 
satisfied for all n > 1 . 

2.2 The homology of HomJ pSp (PResF p , PResFj 

We need a well-known result of homological algebra in a particular formulation: 
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2.2 The homology of Hom^PResFp, PResF p ) 

Lemma 19. Let F be a field. Let B be an F-algebra. Let M be a B-module. Let 
Q = (• • • — > Q 2 Qi Qo —7-0 — > • • ■ ) be a projective resolution of M with 
augmentation e : Q — >■ M . Then we have maps for k G Z 

V k : Hom|(Q, Q) -> Horn* (Q, M) := Hom B (Q fc , M) 
(9i ■ Qi+k -> <2i)iez ^ eo g 

The right side is equipped with the differentials (dualization of dk) 

(d k )* : Rom B (Q k , M) -> Hom B (Qfc+i, M) 
5 h-> {-l) k god k 

and the left side is equipped with the differential m\ of its dg-algebra structure, cf. 
Lemma 13. 

Then (^k)kez becomes a complex morphism from the complex B.om* B (Q, Q) to the complex 
B.om* B (Q,M) that induces isomorphisms ^/ k of F -vector spaces on the homology 

* fe : R k Rom* B (Q, Q) ^ R k Rom* B (Q, M) 



(ft : Qi+k ->■ Qi)iez >->• £ ° 9o 

Lemma 19 is [2, §5 Proposition 4a)] applied to the quasi-isomorphism induced by the 
augmentation, cf. [2, §3 Definition 1]. 

Recall the notation [x\y for the description of elements of Hom B (C, C). 

Proposition 20. Recall that p > 3 is a prime and I = 2(p — 1). 

Write A := Hom^ Sj> (PResF p , PResF p ). Let 

x '■= 5Zi> (L e iJii+«-i + ($^ fc=1 L e fc+i,fcJiw-i+fe) 

i ,ii+(p-i) fv p_2 i* i«+(p-i)+* i \ c .i-i 

T|_ e p-lJiZ+J-l+(p-l) "T ^Z^ fe= i l - e P- A: - 1 .P- fc Ji/+«-l+(p-l)+fcJ / • 

(a) For j > 0, we have j = J2i>oK(i)\i+ji = E*>o Ei=o Le^fc)J(it*)i+* • 

(b) Suppose given y > 0. Let h e A y be l-periodic, that is h = £.> ELU^JS+v 
F/ien /or j > 0, we /iave 

(c) Suppose given y G Z. For fteA 9 and j > ; we have m-y{h o t J ) = mi(h) o lK 

(d) For j > ; we nave mi(^) = 0. T/ius i J is a cyc/e. 
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2 Aqo -algebras 



(e) For j > 0, we have 



XL 3 :=xoi ] = i 3 o X 



+ L e P-iJ(j + j+i)/-i+( p -i) -r [ Z^ fc= i L e P-fe-i,P-feJ (i+j+i)z-i+(p-i)+fc J J ^ 71 



For convenience, we also define x° i3 '■= ^ an d X 1lJ '■= X iJ — X ° i3 f or 3 > 0. 

(f) For j > 0, we have m\{xi 3 ) = 0. Thus x i3 is a cycle. 

(g) Suppose given k E Z. A ¥ p -basis ofH k A is given by 

if k — jl for some j > 
{x l3 } if k = jl + I — 1 for some j > 
efee. 

77ms the set <B := {J \ j > 0} U {x~J \ j > 0} an W p -basis ofR*A = ® Z& R Z A. 

Proof The element i is well-defined since uj(y) = uj(1 + y) for y > 0. 

In the definition of % we need to check that the " |_*J *" are well defined. This is easily 

proven by calculating the oj(y) where y is the lower respective upper index of " [*]*"■ 

(a) : As Prj = {0} for % < 0, the identity element of A is given by i° = ^ i>0 [ e uj(i)\l, 
which agrees with the assertion in case j = 0. So we have proven the induction basis for 
induction on j. So now assume that for some j > the assertion holds. Then 

= i ° ij = (E^wJl*) ° Gu> L e -(d^) 

= E^o^M ° e "(W)\l+i+ji = X^ol-MO-li+Cj+i)! • 

Thus the proof by induction is complete. 

(b) : We have 

' oh = fEEL^jf^J o (eElm&kJ ^ EX>J?:W + , 

\i>0 fc=0 / \i'>0 fc'=0 / j>0 fc=0 



h°^=[ EEwKiJ ° ( EL^)J: ; + i« ) = E E^JStW* • 

\i>0 fc=0 / \i'>0 / i>0 fe=0 

So we have proven (b). 

(c): The differential d of PResF p is /-periodic (cf. Remark 14) and thus 
mi (h) o i 3 = (d o h - (-l) y h od)o L j 
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2.2 The homology of Hon4 pSp (PResF p , PResF p ) 

(6),|^|=20 d q hQL j_ (_l )V +W\ h 0i j od = mi ( h o L 3). 

(d) : We have mi(i j ) = m^L ) o L i = (d o t° - (-l) t°d) o L j = (d - d) o t J ' = 0. 

(e) is implied by (b) using the fact that x is /-periodic. 

(f) : Because of (c) we have m 1 (x^ j ) — m i(x) ° ^ ■ Because \x\ — I — 1 is odd we have 
mi(x) = d o x - (-l)x orf = xorf + rfo X 

+ (S fc= iL e p-fc-i-p-fcJS!-i+(p fc i)+fe) ) ) ° (^> L e ^(?/)^fe+i)J^+i) 
I l«+(p-l) f\^ p ~ 2 lp l«+(p-l)+fc 

_l "L e p-iJj;+i-i+(p-i) "t ^/ L e p-fc-i,p-fcJ^+;-i+( P -i')+fc J y y 

= E,> (L e i ° e i.iJ«+i + (Z^i^ 1 .* ° e M+iJS?+fc) 

I I iZ+O— 1) f\^ P ~ 2 | iiJ+(p-l)+fc \ 

+ L e p-i ° e p-i,p-iJii+i+( P -i) + \2-^ k= i i e p-k-i,p~k ° e P-fc,p-fc-ij i i +i+ (p_ 1 ) +fc j ; 
, u np i«-i+(p-i) , (sr p ~ 2 \ p np |«-i+(p-i)+* ^ \ 

L c p-i,p-i u e p-Uii+i-i+(p-i) ^Z^ fc= i L e p-k.p-fc-i u e p-fc-i.p-fcJii+«-i+( P -i)+fc J y 

= S i>0 l^ 1 ' 1 + ei ' 2 ° ^.iJu+J + (SLiL^+l^ ° e k,k+l + efc+l,fe+2 O e fc+2l fc+ljjjjf +fc ) 

i I i \il+p— 2 | I | iii+p— 1 

+ L e p-l,p-2 ° e p _ 2 ,p-l + e p-l,p-lJii+i+p-2 + L e p-l,p-l + e p-l,p-2 ° e p -2,p-lju + l +p -i 

( \ — ^ I \il-\-p— ^ 

+ I / L e p-fc-i,p-fc ° e p-fe,p-fe-i + e p _fe_i )P _fe_2 ° e p _fe_2, p -fe-ij ii+i+p-i+fc J 
+ Lei,2oe 2l i + ei i ij; i+1 j, + ,_ 1 J = 

In the step marked by " *" we sort the summands by their targets. Note that when split- 
ting sums of the form Y7k=i(- ■ ■)* into (■ ■ -)i + Efc=5(- • ■)* or into (■ ■ Op-2 + ECiO ■ •)*» 
the existence of the summand that is split off is ensured by p > 3. 

(g) : We first show that the differentials of the complex Hom*(PResF p , F p ) (cf. Lemma 19) 
are all zero: By Lemma 7, {e} is an F p -basis of Hohif p s p (-Pi> F p ), and for k G [2,p— 1] we 
have HomF p s p (-Pfc, F p ) = 0. So the only non-trivial (dk)* are those where Pr^ = Pr^+i = 
Pi. This is the case only when k — Ij + I — 1 for some j > 0. Then d k = e^i. For 

e e Hom(Pi,F p ), we have (d k )*(e) = (-l) k e o e h i L '= a) 0. As Hom(Pi,F p ) = (e) ¥p , we 
have (dk)* = 0. 

So H fc Horn* (PRes F p , F p ) = Hom fc (PResF p , F p ). We use Lemma 19. 
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2 Aqo -algebras 

For k = jl, j > 0, we have ty k (J) = e, and {e} is a basis of E k Hom*(PRes F p , F p ). 

For k = jl+l-1, j > 0, we have $ k (xtJ) = e, and {e} is a basis of H fe Hom*(PResF p , F p ). 
Finally, for k = jl + r for some j > and some r G [1, Z — 2] and for k < 0, we have 
H fc Horn* (PRes F p , F p ) = {0}. □ 



2.3 An Aoo-structure on Extp s (F p , F p ) as a minimal model of 

HomJ pSj) (PRes F p , PRes F„)" 



Recall that p > 3 is a prime. Write A := Homp pSp (PRes F p , PRes F p ), which becomes an 
Aoo-algebra (A, (m„)„>i) over R = F p via Lemma 13. We implement Extp s (F P ,F P ) as 
Ext; pSp (F p ,F p ):=H*A ' 

Our goal in this section is to construct an Aoo-structure (m' n ) n >i on H*A and a mor- 
phism of Aoo-algebras / = (f n ) n >i : m 'n)n>i) — ^ (A ("*n)n>i) which satisfy the 

statements of Theorem 16. I.e. we will construct a minimal model of A. In preparation 
of the definitions of the /„ and m' n , we name and examine certain elements of A: 

Lemma 21. Suppose given k £ [2,p — 1]. We set 

'Y. — V Tip, 4- \P , ^ c jfc(i-2)+l 

For j > 0, we /iawe 

^ ■= 7, ° ^ = S o lk = J2 i>q (Le*Jipit!Wi) + Lep-JS^^)) G A**'"^' 
and 

/ j\ _ ( I ifc-2+Zi | I I fc-2+(p-l)+Ji 

«M7^ ) — 2_^ i>0 yl e k-i,kj k (i-i)+i(i+j) + L e P-fe+i,p-feJfe(i-i)+( p -i)+/(j+j) 

,|„ ifc-l+H , | ,fc-l+(p-l)+Ji \ 

-|-L e fc,fc-iJfc(/-i)+i+/(i+j) L e p-fc,p-(fe-i)Jfc(i-i)+ P +/(j+j) i • 



Proof. We need to prove that 7& is well-defined. Let i > 0. 

We consider the first term. The complex PResF p (cf. (3), (1)) has entry P k at position 
k(l — 1) + li and at position k — 1 + li: We have k(l — 1) + li — (k — 1 + i)l + Z — /c. So 
w(A;(Z - 1) + U) = I - (I - k) = k since p-1 <l - k <l -1. We have u(k - 1 + Zi) = 
(A; - 1) + 1 = k since < k - 1 < p - 2. As fc(Z - 1) + li, k - 1 + li > 0, we have 
Pr fc(i _i )+ii = P w (fc(i_i) +K ) = Pfe and Pr fe _i +ii = P^k-i+u) = Pk- So the first term is 
well-defined. 

Now consider the second term. The complex PResF p has entry P p _ fc at position k(l — 
1) + (p — 1) + li and at position fc — 1 + (p — 1) + li: We have k(l — 1) + (p — 1) + li — 
(i + k)l + (p - 1) - k, so uj(k(l - 1) + (p - 1) + Zi) = (p - 1) - fc + 1 = p - k since < 
(p — l) — k < p — 2. We have u(k — l + (p — l)+li) = 2(p — 1) — (k — 1) — (p — 1) = p — /c since 
p-1 < fc-l + (p-l) < 2(p-l)-l. As fc(Z — l) + (p— 1)+Zz, fc — l + 1)+Zi > 0, we have 



18 



2.3 An Aqo -structure on Ext^ pSp (¥ p , F p ) as a minimal model of Homp pSp (P Res F P ,P Res F p ) 

P r fc(/-i)+( P -i)+«j = ^ > w(fc(J-i)+(p-i)+/i) — Pp-k and Prjfc-i+(p-i)+zi = P^(k-i+( P -i)+u) = P P -k- 
So the second term is well-defined. 

The degree of the tuple of maps is computed to be (k(l — 1) + li) — (k — 1 + li) = 
k(l - 2) + 1 = (fc(Z - 1) + (p - 1) + Zi) - (fc - 1 + (p - 1) + li). 

The explicit formula for 7^ is an application of Proposition 20(b). 

The degree |7fet J '| = fc(Z — 2) + 1 is odd, so 

mi (7fci J f ' = d o 7^ +^ k i 3 od 

R.14 I I k~2+li \~~ > ' I I fe— 

= Z_^<> L e w(fc-2)^(*-l) J fc_i+K Z^> L efc J k(l-l)+l(i+j) 

, I ifc-2+(p-l)+H I ife-l+(p-l)+K 

+ Z^i> L ew (p- 1+A; - 2 )' w (p~ 1 + fc - 1 )-lfc-i+(p-i)+^ / Ji>0 L e p~ k h(i-i)+(v-i)+i(i+i) 

, V U I fc-l+'i n I o , , , , I k(l-l)+l{i+j) 

+ Z^i> L ek lHl-l)+l(i+j) ° Z^^q L e ^(i-fc),o;(Z-fc+l)J fc(Z-l)+l+Z(i+jf) 

, V \ P i*-l+(p-l)+« I. , ,fc(i-l)+(p-l)+i(i+j) 

Z^i> L e P- fe -lfca-l) + (p-l)+/(j+j) u ^.^ L e w(p-l-fc),a)(p-fc)J fe (/_i) +p+i (j + j) 

El ifc-2+Zi , U ,fc-2+(p-l)+H 

.> L e fe-i,fcJ fc(i-i)+i(<+j) "I" Z^i> L e p-fe+i,p-fcJ fc(i_i)+(p_i)+i(i+j) 

~ t ~ Z^ 7 ->n L fc ' fc ~ 1 - lfc ( z - 1 )+ 1 + J (*+j) Z^,-> n L c p~k, P -(k-i)} fc (i_ 1)+p+ i(j +j ) 



Note that in the second line A; — 2 + /?>0asi>0 and k > 2. □ 
Lemma 22. For > 0, we have x^ X iJ ' — mi^^^')- 

Proof. It suffices to prove that X°X = m i(l2) since then x^ X iJ ' R =^ x°X° t-7 ' +-7 '' — 
mi (72) o t^' r2 J (c) 77i 1 (7 2i J+J'). 

To determine when a composite is zero, we will need the following. For < k, k! < I, we 
examine the condition 

il + I - 1 + k = i'l + k'. (8) 

If k = then (8) holds iff i = i' and k' = 1-1. 
lik>\ then (8) holds iff i + 1 = i! and k' = k - 1. 
So 

X X = (^ >0 (Leijj'+i-i + |e2,iJK + (Z^IjLefc+LfcJSf-i+fc) 

I i«+(p-l) I ,ii+p f\^ P ~V i«+(p-l)+* ^ \\ 

L e p-iJii+;-i+( p -i) "t" L e p-2,p-iJii + ; +p _i -t- 1^/ /fc 2 L c p- fc - 1 .p- fc Ji;+;-i+(p-i)+fc J y y 

° (X^> (L e lJi'W-l + (X] fe / = iL efc '+ 1 . fe 'Ji'W-l+fc') + L e p-l,P~2j lw+p-3 

I ii'I+(p-l) f^r P-3 |p ii'i+(p-l)+fc' ^ , I \\ 

L e P-Ui'i+i-l+(p-l) "T ^Z^ fc '=l L p " fe '" 1 ' p " fc '- | i'«+'-l+(p-l)+fe' J L e l,2Ji'i+i +2 (p-2) y / y 
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2 Aqo -algebras 



= X^> (L ei ° ei > 2 J «+i+2(p-2) + Le 2 ,i o eiJil+^i 

+ (X! fc=2 L^+U= ° e M-lJil+2;-l+fc-l) + L e p-1 ° e p-l,p-2j^2^+p-3 



=0 by L.7(c) 



i I til+p ( X^ p 2 I \U+(p-l)+k "| \ 

+ L e p-2,p-l ° e p-lUl+2l+p-2 + [Z^ fc=2 L e p-fc~l,p-fe ° e p-fc,p-fc+lJi/+2/-l+p-l+fe-l J J 



=0 by L.7(c) 



~~ 5Zj> ( L e l,2j (i +2 )/-2 + L e 2,lJ(S2)/-l + L e P-l,P-2j(^2)/ip-3 + L e p-2,p-lJ (i+2)I+p- 



L.21 , v 
= ^l(72j 



□ 



Below are the definitions which will give a minimal Aoo-algebra structure on H*A and a 
quasi-isomorphism of A^-algebras H*A — > A. 

Definition 23. Recall from Proposition 20 that <B = {^7 | j > 0} U {x^ | j > 0} = 

{x a ^ I J > 0, a G {0, 1}} is a basis of H*A For n G Z>i, we set 



05®n . = { x «i t ji ® . . . x ^j n e (H*A)®" I Oj G {0, 1} and ji G Z> for all i G [1, n}}, 

which is a basis of (K*A)® n consisting of homogeneous elements. 
For n > 1, we define the F p -linear map f n : (H*A)®" — > A as follows: 
Case n — 1: /1 is given on *B by '■= t-* and fi{x b ^) '■= X iJ ' ■ 

Case n G [2,p — 1]: / n is given on elements of *B® n by 

if 3i G [l,n] : a* = 

(-l)^ lnL n+-+j n if 1 = ai = a2 = . . . = an 



Case n> p: We set f n := 0. 

For n > 1, we define the F p -linear map : (R*A)® n — >■ H*A by defining it on elements 
X" 1 ^' 1 <8> • • • <8> x anijn £ OS®": 
Case 3i G [1, n] : a* = 0: 



m 'n(x ai tJ1 <S> • • • <S> x ani ^ n ) := for n 7^ 2 and 

m 2 (x aHjl ® X a2 ^ 2 ) : = x ai+a2 ^ 1+i2 (Note that ai + a 2 G {0, 1}). 

Case ai = a 2 — ■ ■ ■ — a n — 1 ; 

m n(x t:? ' 1 <8> • • • <8> X L ^ n ) '■= for n 7^ p and 



Note that since p > 3, we have m 2 (x t - ?1 ® X'--' 2 ) — f° r Ji , 32 > 0. 
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2.3 An Aqo -structure on Ext^ pSp (¥ p , F p ) as a minimal model of Homp pSp (PResF p ,PResF p ) 

Theorem 24. The pair (rl*A, (m' n ) n >i) is a minimal A^-algebra. The tuple (f n )n>i 
is an quasi-isomorphism of A^- algebras from (H* A, (m' n ) n >i) to (A,(m n ) n >i). More 
precisely, f\ : (H*A, m^) — > (A, mi) induces the identity in homology. 

The proof of Theorem 24 will take the remainder of section 2.3. We will use Lemma 17. 

Lemma 25. The maps f n and m' n have degree \f n \ = 1 — n and \m' n \ = 2 — n. I.e. 
{f n )n>i is a pre- Aaa-morphism from K*A to A, and (H*A, (m' n ) n >i) is a pre- Aoo- algebra. 

Proof. We have |/i| = as = \t J \ and \x^ 3 \ — \x t3 \- For n > p the map /„ is of 
degree \ —n as f n = 0. For n G [2,p— 1] the statement |/ n | = 1 — n is proven by checking 
the degrees for the elements of the basis <B® n whose image under f n is non-zero: 

\Ux~^ ®...®x~^)\= |(-l) n " V il+ - +i "l L '= til + ■ ■ ■ + 3n)l + n(l-l) + l-n 

En — — 
\X^ 3x \ = 1 — n + \x in ® ■ ■ ■ ® X l3n \ 

Thus \f n \ = 1 — n for all n and we have proven the first statement. 

Now we show \m' n \ = 2 — n. As before, we only need check the degrees for basis elements 
whose image is non-zero: For x ai t J1 ® X a2tJ2 i j\ij2 > 0, 01,02 G {0, 1}, G {01,02}, we 
have 

\m' 2 (x ai t jl ® X a2 ^ 2 )l = | x »i+»2 t ji+j 2 | = ( ai + a2 )(/_i) + /(j 1+j2 ) 

= ai(Z - 1) + ji/ + a 2 (/ - 1) + j' 2 Z = |x ai ^ <g> x a2 ^ 2 l + (2 - 2). 

For x i3x ® • • ■ ® X l3v -, jx > for x G [l,p], we have 

® • • • <E> XJ^)\ = \LP- l +n+-+iv\ = l(p - 1 + j 1 + . . . + j p ) 

= lp-l + + ■ ■ ■ + J P ) = lp ~ 2p + 2 + + ■ ■ ■ + J P ) 

= p(l - 1) + + ■ ■ ■ + J P ) + 2 - p = \x^ ® • • ■ ® X^\ +2-P 

□ 

Lemma 26. We have m[ = 0. The equation (6)[1] holds. The complex morphism 
fx : (A'jm'j) — > (A, mi) is a quasi-isomorphism inducing the identity in homology. 

Proof. The equality m[ = follows immediately from the definition. Thus mi o f 1 = 
= f\ o m[. Moreover f\ is a quasi-isomorphism inducing the identity in homology by 
construction, cf. Proposition 20(g). □ 

Lemma 27. The map fi is injective. 

Proof. The set X := {x*V \ a G {0,1}, j G 7L>\\ C A is linearly independent, 
since it consists of nonzero elements of different summands of the direct sum A = 
fceZ Hom fc (PResF p ,PResF p ). The set <8, which is a basis of H*A, is mapped bijec- 
tively to X by /1, so f\ is injective. □ 
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2 Aqo -algebras 

Lemma 28. The equation (6) [2] holds. 

Proof. As m! 1 = 0, equation (6) [2] is equivalent to (cf. (7)) 

fi ° m' 2 = mi o f 2 + m 2 o (f x ® /i). 
We check this equation on *B® 2 : Recall Proposition 20 and Definition 23. 

hm' 2 (JJ ®T?)= = m 2 {h <g> f\)(J ® Ti 7 ) = (mi o / 2 + m 2 o (/ x <g> /i))(^ ® 1^) 

/im 2 (^7 ®W)= XL j+f = m 2 {h ® fi)(^ ® W) 

= (mi o f 2 + m 2 o (/ x ® ® x</) 

f im ' 2 (^J ®~J T )= X t j+j ' = m 2 {h <g> /i)(x^ ® ^) 

= (mi o / 2 + m 2 o (/j ® <g) 17) 

f\m' 2 (^J®^J) =0 L = 2 -m 1 ( 72 ^") +m 2 (/i ® h)()<7~ j ®X^) 
= (mi o f 2 + m 2 o (/! <g> /i))(x^ ® X^') 

Note that there are no additional signs due to the Koszul sign rule since |/i| = 0. □ 
The following results directly from Definition 23. 

Corollary 29. For n > 2 and a x , . . . ,a n G {0, 1} 7 ji, . . . , j n > 0, we have 



fn(X aiih ® ■ ■ ■ ® X anijn ) = fn(X ai ® • • • <8> X an ) ° L jl+ - +j -" 

If there is additionally an x G [l,n] a x = t/ien 



fn{x aiih <8> ■ ■ ■ ® x a " ijn ) = 0. 
Equation (6)[n] can be reformulated as 



n=r+s+t 
r,t>0,s>l 
s<n— 1 

v 



= mi o f n + ^ {-l) v m r o (f h <g> <g> . . . <g> / ir ) , 



2<r<n 
U+...+i r =n 
« S >1 



where u = Ei<« s <r( 1 ~ 
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2.3 An Aqo -structure on Ext^ pSp (¥ p , F p ) as a minimal model of Homp pSp (P Res F P ,P Res F p ) 

A term of the form f r +i+t ° (l® r 0^8 1®*), s>3, r + t>l, is zero because of 
Corollary 29 and the definition of m' p . Also recall m[ = 0. Thus 

n-2 

$ n = ^(-l) 2 ^/n-i o ® m' 2 ® 1^) = Y J {-l) n - r fn-i o ® m' 2 ® 1^—2). 

n=r+2+t r=0 
r,t>0 

(9) 

Because of m^ = for k > 3, we have 

n-1 

S n = £ (-l) (1 ^ 2)n m 2 o(/ n ®/ l2 ) = ^(-l)™m 2 o(/ l ®/ n _ l ). (10) 

11+82=71 1=1 
U,12>1 

We have proven: 

Lemma 30. For n > 1, condition (6)[n] is equivalent to f\ o m' n + $ n = mi o f n + S„ 
where <3> n and S n are as m (9) ana 1 (10). 

Lemma 31. Condition (6)[n] no/ds /or n > 3 and arguments x ai ^ x <8> • • • <8> x an ^ n e 
03®n = { x ai t ji ® . . . (g, x «n t in e (H*A)^ n | Oj G {0, 1} and ^ G Z> /or a// i G [l,n]} 
where G {a 1? . . . , a n }. 

Proof. Because of Lemma 30 and Definition 23 it is sufficient to show that 

$n{x ai i* jl ® • • • ® x an i jn ) = 2 n (x aiiil ® • • • <8> x a "^") 

if at least one a x equals 0. 

Case 1 At least two equal 0: 

To show $ n (x a H^ <S> ■ ■ ■ <S> x an ^ n ) — 0, we show 

/ n _i(l® r ®m 2 (g) l^ n - r - 2 )( x «Hii <g> . . . <g> = for r G [0,n-2]: In case both 

components of the argument of m 2 are of the form x ^? the result of m 2 is of the 
form ii' (see Definition 23). Since 2 < n — 1, Corollary 29 implies the result of /„_i 
is zero. Otherwise at least one of the components of the argument of f n -i must be 
of the form ii and the result of / n _i is zero as well. So $ n (x ai i^(8). • .®x ani ' ?n ) — 0. 
To show S n (x ai i J1 <g>- . .®x a ' i 6-'' 1 ) = 0, we show m 2 (/j(g)/ n _j)(x a H- ?1 <8>. . .<g)x a ™i-?™) = 
for i G [l,n - 1]: 

• Suppose given % G [2,n — 2]: The statements ai = . . . = = 1 and a i+ i = 
. . . = a„ = 1 cannot be true at the same time, so . .) = or f n -i(- • •) = 
and we have m 2 (fi <8> f n -i)ix ai L ^ <S> • • • <S> x a "£ Jn ) — 0. 

• Suppose that i = 1. Because at least two a x equal the statement 02 = 
. . . = a n = 1 cannot be true. Since n — 1 > 2, we have / n -i(- . .) = and 

"l2(/l ® / n -l)(x^> ® • • • ® X an ^ n ) = 0. 

• The case i = n — 1 is analogous to the case i — 1. 
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2 Aoo -algebras 



So we have $ n (x ai i jl <S> ■ ■ ■ <8> x an t jn ) = = S n (x ai ^ 1 ® . . . <g) x a "^ n )- 

Case 2a Exactly one a x equals 0, where x e [2,n — 1]. 

We have $ n (x a H J1 <g> . . . <8> x an ^^ n ) = 0: In case n > p + 1, it follows from 
/ n _i = 0. Let us check the case n G [3,p]: Because of Definition 23, we have 
/„_i(l® r ®m' 2 <g> l® n - r - 2 )( x oifcJi (g> . . . <g> x an i jn ) = unless r e {x -2,x -1}. So 



^(x" 1 ^' 1 ® • • • <8> x a "t j ") 

= (-l) n ~ x+2 '■f n . 1 (l* x - 2 <g> m' 2 <g) l """ - l®"" 1 <g> m' 2 <g> i"-*- 1 ) 



(x a H J1 (g) . . . <g> x an ^ n ) 
= (-l) n ~ x / n _i(xt J1 <g . . . <g X^" 2 ® m^ix^*- 1 <S> i jx ) ® x ijx+1 <%>■■■<%> X ijn 
— x^ 1 <S> ■ ■ ■ <S> X^ x ~ x ® m' 2 (^ x (g x^+O ® x^ x+2 <g • • • <g X iJ,n ) 



= (-1)™ x f n ~i(x Lh ® ■ ■ ■ ® X ijx ~ 2 ® x ijx ~ 1+jx ® x^ +1 <S> • • • <S> X^" 



— x^- 71 <8> • • • <8> X^* -1 ® x£ Jx+J:c+1 <8> x i:,:i:+2 <8> • • • <8> X tJn ) 
= (_!)»-* ((-l)- 2 7n -i^' 1+ - +j " - (-l) n - 2 7„-i^' 1+ - +>l ) = 



To show S n (x a H J1 (g. . .®x a ™ i ' 7 ™) = 0) we show m,2(fi® f n -i){x ai l-* 1 ® ■ ■ -®X ani ^ n ) = 
for j 6 [l,n — 1]: The element x ax ^ x is a tensor factor of the argument of fa or 
°f fn-i- We write y = i or y = n — i accordingly. Then y > 2 since x ^ {1, n}, so 
/„(. . -) = a nd thus m 2 (fi ® /n-i)(x ^ g • • • ® X a " ^"~) = 0- 
So $ n (x ai ^'! <g . . . <g) x an i jn ) = = S n (x ai ^'! (g . . . <g x an i jn )- 

Case 2b Only a± = 0, all other a x equal 1. 

We have / n _i(l 0r (g m' 2 (g l^ n ~ r_2 )(x ai ^ 1 <g . . . <g x an ^ n ) = unless r = 0. So 

$„(x ai ^' 1 <g • • • <g x^v>) = (-l) n / n _i(l®° <g m' 2 <g l® n ~ 2 )(x ai ^i ® . . . <g) ^7>T) 

= (-l) n / n _i(m 2 (7^®^>) <g> ... 

= (-l^n-itx^ 7 ^ ® X*> ® • • • ® X^") 

7n-i^' 1+ - +in 3 < n < p 
n > p + 1 



We have (/; (g /„-i)(x aiiil <S> • • • <8> x ani ' ]n ) = if ? > 2. So 

Z n (x ai t jl ® • • ■®^>) = (-l) 1 ' n m 2 (/i (g / n _i)(x ai ^' 1 <g . . . (8) x a "i j ") 

i (_l)» m2 ((-i)-!^!/^) /^(^(g, . . . <g)^)) 

= (-l) n m 2 ^ ® fn-i(x^ ® ■ • • ® X^>)) 

' (-l) n m 2 (^ 1 ® (-l) n - 2 7n -i^ 2+ - +jn ) 3 < n < p 
n > p+ 1 

7 n _ii J, ' 1+ - +J,n 3 < n < p 
n > p + 1 
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2.3 An Aqo -structure on Ext£ s (F p , F p ) as a minimal model of Homjjj s (PResF p ,PResF p ) 



So $ n (x ai ^' 1 <8> • • • <8> x anijn ) = =^nix aiih ® ■ ■ ■ ® X anijn )- 

Case 2c Only a n = 0, all other a x equal 1. 

Argumentation analogous to case 2b gives 



*n(x ai ^ jl ® • • • ® x° n i Jn ) = (-l) 2 /n-i(l^ n_2 ® m' 2 <8> l 0O )(x ai ^' 1 (8) ... (8) x a "^ n ) 

|m2 ' = /n-i(x^"® ■ • • ® X^™" 2 <8> m^x^™- 1 <8> 
;-l)"- 2 7n _ 1 fcJ'i+-+J» 3 < n < v 
n > p+ 1 

and 

E n (x a nn <g> . . . <8> x a ™/>) = (-l) n(n_1) m 2 (/ n -i ® fi)(x ai ^ jl ® ■ • • ® 

= "l 2 (/n-Ux^ 7 ® • • • ® X^- 1 ) ® 

;-l) n - 2 7n -i^' 1+ - +in 3 < n < p 
n > p+ 1 



l/i|=o 



So $ n (x ai ^'! <8> . . . <8> x a " ijn ) = ^n{x aiih ® ■ ■ ■ ® X a "t jn )- 

□ 

Now we examine the cases where a± — . . . — a n — 1: 



Lemma 32. For n > 3, we have $„(x£ J1 <8> • • • <8>X ij,n ) = for x^ 1 <8> • • • <8>x ij,n G ^S® n = 
{X ai ^'i O • • • <8>x^> £ (H*A)® n | a< G {0, 1} and ji G Z> /or a// i G [l,ra]}. 

Proo/. We have •Mx 7 " 77 ® • • • <E> X 7 ^™) = since $ n = ^=1 (~l) n ~7n-i(l® r ® m 2 ® 
l® n_r - 2 ) and the argument of mf> is always of the form x iX ® X lV ■, whence its result is 
zero. □ 



Lemma 33. Condition (6)[n] holds for n G [3,p — 1] and arguments x^ 1 <8> • • • <8> X iJ,n G 
<g®n = ® . ..® x <^j n e (H*A)® n | aj G {0,1} and ji G Z> /or aM i G [l,ra]}. 



Proof. For computing S n , we first show that m 2 (fk <8> fn~k){x L ^ <8) • • • <8> X iJn ) — for 
fc G [2,n — 2]. We will need the following congruence. 

(fc(Z - 1) + l(i + x)) - (n — k — l + W) = p _i -fc + fc - n + 1 = -{n - 1) 



=p_ifc(Z-l)+(p-l)+J(i+x) = p _in-fe-l+(p-l)+Zi' 



£>-i o (11) 

The last statement results from 2 < n < p — 1. We set "±" as a symbol for the (a 
posteriori irrelevant) signs in the following calculation. For k G [2, n — 2], we have 



m 2 (/ fe (8> fn-k){X^ h ® • • • ® X^ 1 ) 
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2 Aoo-algebras 

= ±m 2 ((-i) fc -V J1+ - +Jfc <g> (-iy- k -^ n _ kL ^+-^) 

h+-+3k='-x, 

jk + l + ---+jn = -V x y 

n fST \ p \n-k-l+W , Ip in-fe-l+(p-l)+/i' \ 

\,Z^j/> L tn - k hn~k)(l-l)+l(i'+y) ~T~ Z^j/> L e P- n+fc J(n-fc)(i-l)+(p-l)+'(i'+J/)7 



(1 ^o. 



So 



= m 2 ((-l)Vl ® /n-l + (-l) n(n - 1} /n-l ® ■ • • ® X^) 

= m 2 ((-l)" + "l^ r l/ 1 (^) ® / n _i(3^(8> ■ • • ® 3^) 



+ f n -i(x^ jl ® • • • ® x^"- 1 ) ® /i(x^ n )) 

= m 2 { X L n ® (-l) n - 2 7n _ifc J ' 2+ - +J '" + (-l) n - 2 7n _it J ' 1+ - +J '»- 1 ® x^ n ) 
= (-l)"(xi jl o 7n _ 1 ^ 2+ - +J " + 7n _ 1 i J ' 1+ - +J ™- 1 o X />) 

P.20(e),L.21 ( _ 1)B(x q ^ + ^ q ^ q 

X°7n-i = (LeiJfi+Di-i + (ELi^+i^SVm) 

i i«+(p-i) r^r p_2 ip i«+(p-i)+* ^\\ 

+ L e P-iJ(i+i)i-i+( P -i) + ^Z^ fc= i L e p-fc-i,p-fcJ (£ + i);-i+( ? ,-i) + a : J y J 
n(S^ Ip |n-2+Ii' , V" Ip in-2+(p-l)+H' \ 

° ^Z^i/>o Leri - 1J (™-i)a-i)+^ + Z^^>o Lep - n+1J (n-i)0-i)+(p-i)+^v 

3<n<p-l ^ I. |iH-ra-l 

fc ^„n Z^ i>0 l 6 "'™- 1 e "- lj (n-m-i)+i(i+i) 



+ Z^ i>0 L e p-n,p-n+l ° e p-n+l\{ n -l){l-l)+tp-l)+l{i+l) 

— f Ip liJ+ra-1 , I liH-p-l+ra-A 

~~ Z^j> \L e «:«-lJri(i-l)+l+ii L e P-«,P-n+l_ln(Z-l)+p+H J 

_ ( I \n-2+W |_ I in-2+(p-l)+H'\ 

7 n-l °X — ^2^ i /> L e ' 1 - :L -l(n-l+i'-l)i+2(p-l)-(n-l) + Z^j/> L e P-«+lJ („-l-H')Z- n +pJ 

° (£,>„ (Leijg+i),-! + (E^iL e *+i.*J?t?)i-i+0 

ilp |«+(P-1) , fV P_2 L i«+(p-l)+fc "I 

+ L e P-ij( i+ i)i-i+(p-i) -i- [z^ fc= i Le p- fc - 1 'P- fc - | (i+i)2-i+(p-i)+fc J ; ; 

fc-wp-n ^ I \n-2+W 

^i'>0 L n_1 ' rl - l (n-l+*')i-l+(P-l)+(P-n) 

+ V Ip i0 p n in-2+(p-l)+K' 

Z^j/> L e P-«+l u e P-n+l,P-"J(n+i')«-l+p-n 

Ei in-2+ii' , V Ip \n-2+(p-l)+W 

i'>0 L n - 1 > n -'ri(«-l)+i'i Z^i/>n L e P-"+ 1 'P-"-lna-l)+(p-l)+j'« 



26 



2.3 An Aqo -structure on Ext^ pSp (¥ p , F p ) as a minimal model of Homp pSp (P Res F P ,P Res ¥ p ) 

So x° 7n-i + 7n-i ° X — m i(7«) by Lemma 21. Therefore 

p.20(c) 



S n ( X ^ (8) ... (8) X<>) = (-l) n m 1 ( 7n ) o L h+-+j n ■ = v > (_i)» mi ( 7nt ii+-+J«) 

= -mi((-l) n -V J ' 1+ - +j ") 
= - mi o / n (xi J1 <8> • • • <8> 

We conclude using Lemma 30 by 

l.32,d.23 



□ 



Lemma 34. Condition (6)[p] holds for arguments x^ 1 ®- ■ •<8>X t ' 7p G = {x aiiJ1 <8> • • • <8> x avl ^ v G 
(H*A) 0p | Oj G {0,1} and G Z> /or aM i G 

Proof. Recall that |t| = Z = 2(p — 1) is even, \x\ = Z — 1 is odd and \f\\ = 1 — i by 
Lemma 25. We have 



= J2. , (-l) pi+i(1 {p i)) m 2 (/ i (x^' 1 (8) ... (8) X^' 1 ) ® f P -i(x^ +1 <8> ■ ■ ■ <8> X^)) 

Ep—1 
MX^ 1 <8> • • • <8> X^ 1 ) ° fp-iix^ 1 <8> • • • <8> X^ p ) 

= X ^'l O (_l)P- 2 7p _ 1 ^2 + -+> + (-l)P- 2 7p _ lfc *+-+*>-l O X ^ 

P ' 20 = (x o 1p-i + 1p-i o X + Y^k=2 7fc ° 7p " fc ) ° ih+ "' +jP 



X o 7p-i = ( E,> ( L ei J fi+Di-i + ( E^i L efc +^J ) 

I iii+(p-i) , (ST p - 2 \ p ia+(p-i)+fc \ \ 

+ L e P-ij ( i+ i)j_i + (p_i) -i- [z^ fe= i Le p- fc - 1 'P- fc - | (i+i)i-i+(p-i)+fc J ; ; 

ofV le jfr- 1 )-^"' +V lei |- 1 + 2 (P- 1 )+' i ' ^ 



I i(p-l)-l+/i' . i i-l+2(p-l)+Ji'\ 

7p-i ° X = (2^,> L e P-iJ g+iZ-aji+Cp-i) + 2^> L e iJ (p+i'-iji J 
J2i> (L e iJf*+i)i-i + (ZlI = iL e fe+i^J(m)«-i+fe) 
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2 Aoo -algebras 



I ,«+(p-i) f\^ p2 u .«+(p-l)+* "I 

+ L e P-ij (i+i)j_i+(p_i) ^^ fc=1 L e P-fc-i,p-fcj(i+i)j-i+(p-i)+fc j y j 

E| .(p-lJ-l+K' I i -l+2(p-l)+K' 

.,> L e P-iJ( p+ i^i)i-i + (p-i) + Z^j/> L lJ (p+*')i-i 

= Xli'>o'- e P- 1 -l(p+i^-l)i+p-2 + 5Zj/> L ei -l (p+I' 

7fc ° 7 P -fe = (X^> L efc J + X^> L e p-fcJ (i+fc)i+(p-i)-fc) 

n /V Ip |P-fc-l+K' , >yp I I -fc+2(p-l)+i*' \ 

^2^> L e p- fe J(p-fc)(i-i)+H' + 2^> L fcJ (p-*)('-i)+(p-i)+«7 

El I fc— XH-Zi , I i fc-l+(p-l)+Ji 

i> L^J(p-fe)a-l)+(p-l)+/(i+fc-l) 1" Z^>o L e P-feJ(p-fe)(Z-l)+«(i+fc) 

E| ifc-l+Zi , Ip |fc-l+(p-l)+/i 

i>0 L efe J(p-fc+j+fe-l)i-(p-fc) + (p-l) ^ Z^j> L p_feJ (p-fc+i+fc)i-(p-fc) 

E| \k-l+li , \^ |_ ife-l+(p-l)+Ji 

i>0 L feJ (P+*-l)'+fc-l Z^ i>0 L e P" fe J(p+i-l)i+fc-l+(p-l) • 



Thus 



EP-2 
fc=2 7fc ° 7p ~ fe 

rP-2 



~~ X^>o5Zfc=0 (L efe+1 -ltp+i-l)'+fe + L e P-fe-lJ(p+f-l)l+fe+(p-l)) 

EV^^ 1 | |fc'+Ji P.20(o) „_! 

i>0 Z^ fc / =0 L w ( fe ') J (p-l+i)i+fc' - 4 



and 



So we conclude using Lemma 30 by 

(/i om; + $ p p®..J^) l.32^d.23 ( _ 1)Pt p-i +jl+ ... +jp 

d.23 



(mi o / p + S p )(x^' 1 <8> ■ ■ ■ ® 



□ 



Lemma 35. Condition (6)[n] holds for n G [p + 1, 2(p — 1)] and arguments 

XL^ <g> . . . <g> x7> G <B® n = {x^T> <g> . . . <g> G (WA)® n | Oj G {0, 1} and ji G 

Z> /or all i E [l,n]}. 

Proof. As /fc = for > p, we have 

S n (^® ...<8)^>) = 1 i (-l) nfc m 2 (A®/n-fc)(x^ r ®---®X^) 

•i— <k=n— p+1 

The right side is a linear combination of terms of the form r Yk°ln-k for k G [n— p— l,p— 1]. 
We have 

— I |fc-l+2» j_ I ifc-l+(p-l)+/i \ 

7fc ° 7n-fc - ^Z^j>o ^ fc(J-l)+2» + Z^i> L e P-feJ fc(/-i)+(p-i)+Ji J 



28 



2.4 At the prime 2 



„ \t> \n-k-l+W , \^ in-fe-l+(p-l)+H' \ 

^Z^j/> L e "- fe J (n-fc)(«-l)+H' ~+~ Z^j/> L e P-"+ fe J (n-fe)0-l)+(p-l)+U' > | 

A necessary condition for that term to be non-zero is k(l — 1) = p _i n— A; — 1 as / = 2(p— 1) 
We have 

k(l — 1) — (n — k — 1) = p -i — A; — n + /c + l = l— n ^ p -i 0, 



since p < n — 1 < 2(p — 1) — 1. So 7& o 7„_ fc = and E n (xi jl <8> ■ ■ ■ <8> X i-J ' n ) = 0- We 
conclude using Lemma 30 by 

— x l.32,d.23 n d.23 



(/iom; + $ n )(x^<8)...(8)Xi J ") =' = (m 1 of n + E n )(xL jl ®...®Xi> jn )- 

□ 

One could formulate a lemma similar to Lemma 35 for the case n > 2{p — 1) as then the 
sum Zlfc=L P +i( _1 ) nfcm 2(/fc <S> f n -k){x ih <8> ■■■<%> X Ljn ) is in fact empty. Instead we use 
Lemma 18 to prove (6)[n] for n > 2p — 2: 

Proof of Theorem 24- Lemmas 26, 28, 31 and 33 to 35 ensure that (6)[n] holds for 
n G [1, 2p — 2]. Then Lemma 18 with k = p proves that (6)[n] holds for all n G [1, oo], 
cf. also Definition 23. By Lemma 27, fi is injective. By Lemma 25, the degrees are 
as required in Lemma 17. Lemma 17 proves that (HM, (m' n ) n >i) is an A^-algebra 
and (f n )n>i is an A^-morphism from (H*A, (m' n ) n >i) to (A, (m n ) n >i). By Lemma 26, 
we have m[ = 0. Thus (H*A, (m' n ) n >i) is a minimal Aoo-algebra. By Lemma 26, the 
complex morphism f\ : (H.*A, m^) — > (A, mi) is a quasi-isomorphism which induces the 
identity in homology. So the Aoo-morphism (f n ) n >i : (R*A, (mJJ n >i) -> (A, (m n ) n >i) is 
a quasi-isomorphism and the proof of Theorem 24 is complete. □ 



2.4 At the prime 2 

We examine the case at the prime 2. We use a direct approach. Note that S2 is a cyclic 
group so the theory of cyclic groups applies as well. 

We have F 2 S 2 = {0, (id), (1, 2), (id) + (1, 2)}. We have maps given by 

e: F 2 S 2 — >■ F 2 

a(id) + 6(1, 2) 1 — > a + b 

D : F 2 S 2 — > F 2 S 2 

a(id) + 6(1, 2) 1— > (a + 6) ((id) + (1, 2)) . 

We see that e is surjective and kere = kerD = imD = {0, (id) + (1,2)}. The maps 
e and D are F 2 S 2 -linear, where F 2 is the F 2 S 2 -module that corresponds to the trivial 
representation of S 2 . So we have a projective resolution of F 2 with augmentation e by 

PResF 2 := (• • • A F 2 S 2 A F 2 S 2 ->• ^ ->• • • • ), 
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2 Aoo -algebras 

where the degrees are written below. 
We set e\ to be the identity on F 2 S 2 . 

Let A := Homp 2 g 2 (PResF 2 , PResF 2 ) and let the Aoo-structure on A be (m n )„>i (cf. 
Lemma 13). Recall the conventions concerning Hom^(C, C) for complexes C,C and 
k G Z. 

Lemma 36. An W 2 -basis ofWA is given by {£? | j > 0} w/iere 

Proof. Straightforward induction yields, for j > 0, 
We have 

mi(f ) = d o f - o d = d o f + f o d 

= (E,,„ldj* +1 ) " (£ eo w«) + (E^wt*) ° (Z S0 LBji +1 ) 

= E,>„LDJ- +J+1 + E,>„LDJ- +j+1 = o, 

so £ J is a cycle. As Hoiiif 2 s 2 (F 2 S 2 , F 2 ) = {0,e} and e o D = 0, the differentials of 
Hom*(PRes F 2 , F 2 ) (cf. Lemma 19) are all zero. So [ej is an F 2 -basis of_H fc Hom*(PRes F 2 , F 2 ) 
for k > 0. Since in the notion of Lemma 19, ^fk(C k ) — £, the set is an F 2 -basis of 
H fc Hom*(PResF 2 , PResF 2 ) for 0. For k < we have H fc Hom*(PResF 2 , PResF 2 ) = 
H fc Hom*(PResF 2 , F 2 ) = 0. So | j > 0} is an F 2 -basis of E*A. □ 

We define families of maps (/„ : (H*A)®" ->■ A) n >i and (r< : (H*A)®" ->■ H*A) n >i as 
follows, /i and m 2 are given on a basis by 

/i(^):=e 

All other maps are set to zero. 

It is straightforward to check that (H*A, (m' n ) n >i) is a pre-Aoo-algebra and (f n )n>i is a 
pre-Aoo-morphism from R*A to A. As ra 2 is associative, (B*A, (m' n ) n >i) is a dg-algebra, 
so in particular an A^-algebra. As f k = for k ^ 1, (6)[n] simplifies to 

f 1 om' n =m n o ( j\ g ■ ■ ■ g /i ). 

n factors 

As m' t = and m n = for n > 3, (6)[n] is satisfied for all n > 3. For n e {1,2}, we 
have 

/i o mi = m 1 of 1 



for j > 
for j, k > 0. 
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fl ° m 2 = m 2(fl ® /l). 

The second equation follows immediately from the definition of m' 2 and fi. The first 
equation holds as m[ = and the images of f\ are all cycles. So (6)[n] holds for all n and 
(/n)n>i is an Aoo-morphism from (H*A, (m^) n >i) to (A, (m n ) n >i). By the construction 
of fi, it induces the identity on homology. Thus (H*A, (m' n ) n >i) is a minimal model of 

(A, (m n ) n >i). 

Remark 37 (Comparison with primes p > 3). At a prime p > 3, we have constructed a 
projective resolution with period length / = 2(p — 1) in (2). If one constructs a projective 
resolution of Z( 2 ) analogous to the case p > 3, we have a sequence of the form 

•••—>■ Z( 2 ) S2 — Z( 2 ) S 2 — Z( 2 ) S 2 — +" Z( 2 ) S 2 — ^ Z(2) S 2 — >■ — > ■ ■ ■ 

with a period length of 2, where 

e 2 , 2 : (id) 1— )• (id) -(1,2) 
e\ 2 : (id) ^ (id) + (1,2). 

However, modulo 2 the differentials e 2 ,2 and 2 reduce to the same map D : F 2 S2 — > 
F 2 S2, so we obtain a period length of 1. 

The maps 1 resp. x from Proposition 20 may be identified with £ 2 resp. £. This way, the 
definition of m' 2 at the prime 2 is readily compatible with Definition 23. 
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